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Wc dcsrl  itw a neural nCtWOI-k  Icarning  algorithm {hal in]plcmcals  diffcrcnlial  lcaI aiag ia a gcacralizcd  Imckpropagalion
flalncwwrk.  ‘1’lw algw  ithtn rcgalalcs  mmlcl  con]plexily  dating (I1c Icaming  proccdalc,  generating {hc bc.s(  l(~~t-c{~l]]l>lcxi(y

iil]l~rt)xi]l]:ilioll  10 the Ilaycs-optilaa]  classifier ali(nvcd by Ihc lraiaiag  saltlplc. 1{ lcal-as 10 rccogni7c  handwtillcn  digits of
(Ilc A’1’&’l’ 11111 da(ahsc.  1.carmiag is done wi(h Ii([lc llamaa  in[cl vcn(ion.  ‘1’hc algoritllln  g,cncra(cs a simple ncur~l nclwmk

cltissific] fr(m) ll)c bcacllmark  pallilioning  of Ihc datatmc; lhc classiflct  has 050” lotal pawlnc(cts  and cxhibils  a lcsl sanlplc
Cllol Ialc  of I .3%.

Rccca[  advances in machine learning lltc(ny  ]Ilakc il ]mssil~]c  If) gcacralc  pallcra  classifiers Ihat arc coasislcntly  robust
cs[il]la[cs of IIIC }Iaycs-optim:il  (i. e., minimam  l~r(~t~:~t~ility-of-crrt~l ) vlassiflcr.  Mmcovcr,  these advanms  guaranlcc  good

:I]]l>tf)xii]l:lliot]s 10 Ihc llaycs-(y~tinla]  class iflc]-  fr(m~ mmlcls  will)  IIIC minimum faaclional  complexity (e. g., the fcwcsl
paramclcrs)  ncccssary. ‘1’hcsc findings present a challcngc:  I)y wl)at Incans can tl)c classiftcr  consistently and aatonomoasly

lcata  a I(husl,  Ioyi-coi]l[>lcxily”  :il>l~roxitll:ili(ltl  to lhc Ilaycs-oplilllat  classiflct’?  W c  dcscrit)c a ncaml  nclwolk  lcarniag
al~or i[lllll  tlIat il]lplcn]c.nts dilfcrwltial Icaming  ia a g,cncrali7,cci  l~ackll]{)l>/lg:lli(lI]  lranmwo]k,  ‘I’l Ic algmilllal  rcgalalcs  nmlcl

u)lnplcxily  durin~  the lcrming proccdarc,  gcacraling  lIIC bcs( lof~-collll>lcxily”  :it~t)roxill]alioll”  10 lhc IIaycs-oplimal classil’icr
allowed I)y tlm ttaining  sample. Wc  focus on the algorithm’s ahilily  10 Icara aa oplica]  characlcr  rccogni[ion  task with Iilllc

hanmn intci vcation.  II learns to rccogaizc  handwrit[ca  digits of’tlIc  Arl’&’l’  1)11 I da(almc  (provided by 1)[. lsabcllc  GLIyon).
‘1’IJc alg(M itl]n~ gcncraics a simple neural nc[vmk  classiflct  froll] IIIC hcnchmatk  pnt li[i(miag  of lhc dalal}asc; the classifier
lms 650 lolal  palalnclcrs  and cxllit)ils  a tcsl sample CH(JI ralc 0! 1 .3[1.

1.1 l)ifl’mwdial  learning, efficiency, am] mininmnl  cmnpkwi(y

As wc dcsct il)cd in [his forum last year [5], diffclcn(ial  lcarailtg  is disoituiaativc; it scclis h) parlition  fcalarc  vcciot
space in IIIC ]]:])Jcs-OI)lill);ll  fashion by op[imi~,iag a classificalioa  fl~atc-of-n)cl  il (C1;M)  objcclivc  flllldiol)  [~, 4, ~]. [~1 M

ol)jcclivc  functi(ms  arc bcsl dcsctit)cd as diffcrcntiat)lc  a])t)roxit)):lliol)s”  10 a coun(iag  funclion:  [lIcy manl lhc number of

comul class ificalioas (or, cqaiva]catly,  IIIC nambcr  of incoricct  class ificali(ms)  IIIC classifier makes oa lhc training sal]lplc.
IIy oplilni?ing  suclI a n  objcclivc  faaclion, difkrcnlial  Icamiag  U, CIICI+AICS  mbasl  ;l[>lltoxitll~iti(~l]s (0 t h e  llaycs-(~ptillial
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rlrrssifml,  gcacrally  requiring the salallcsl  Iraiaiag  saIIq)lc si/c, aad alllw~’.! Icqairiag  Ibc lcas( con)[ilex  n)mlc] ncccssary to
ill)lllo Xilll[ll  C llm IIaycs crmr rate with spccificd prccisi (m,

Wlma  Il)c classifier cwnslilalcs  a “propel paramcttir  model” ()[ Ihc data 14, ch’s. 3-4], classical probahilislic  Icarnlng
shatc~ics  gcI)cla[c  (IIC bcsl t{]~~>rtlxill]zili{~ll  10 tbc Ilaycs-ol)li]lml  Clii\Sil’]Cl  will)  t}lc sma]lcsl lldiniag sal]lplc  silt ncccssary.

1 l(~wcvci,  wl]cn (I]c classifier coasli(ulcs  an ‘ ‘il]lplopcl  pa fanlcll’ic  nmdcl>’ o f  tl]c dala [4, cl) ’s. 3-4], diffcrcnlial  Icarniag

gcl)clalcs  tllc best :illl~t(lxilllati(~tl willl IIlc smallcsl  training sample si7c ncccssaty. ‘1’bc lI)[N1 cfl”]cicnt  lCiiTlliIlg SllittCgy

IIICICIOIC  dcpcads  011 W’I)CIIICI 01 I)()( IIIC classificl ]s a pIopcI  inodc] of IIm data, if indeed such a ]nodcl cxisls. Kolllmgorov’s

Illcolcnl  I I 21, can (afguably)  bc iatcrpmtcd  (0 mcaa that fiuding  IIlc I)lolwl  paramc{i ic nmlcl fol a SCI of stochastic coaccpts
lclwcscalcd  by a r~indom fcalurc \cclor is eilllcr  easy or bald - IIlcic  is lilllc  middle groaad,  l’rocccdii)g  from this basis,

dillc]calial  Icaraiag  is Iikcly 10 be lhc 1110s1  cfllcicat clmicc  of shalc~y  fw sccaa!  ios in which  a plopcr  ]nodcl is not obvitms.

1.2 Aulomafing  the learning process

1 lavillg  cllosca difl’crcalial  Icafaiag,  wc arc slill faced witil  sclccling  a mode] wilb  which  (0 gcncralc  a classific]  from our
Ilainiag daln. ‘1’llc ]llillil]l(l]tl-  co]il[~lcxily  rcquirctncnls  ofdiff’ctcnlial  lcaraiag  ensure llIa( wll:ilcvcr  our clloicc  of Itypdhc,vis

[1[/.!.s (i. e., Il]c Iimlcl’s functional  basis Iillcar,  logistic liacat,  (n radial basis {aaclivll, 10 na]t]e  a few),  wc will need ttm

Icasl c(Mnl)lcx nmicl in that class (e.g., IIIC onc with  [Ilc fiwcs( pal:illlc(crs)  ncccssary  for Baycsian  clisct-irtlit~atiotl. Much of
(IK’ wwk rcquilcd  to find Il):il ll]illil]l~ll]l-  colllillcxi[y  II IOCICI  caa bc d(HIc by llm differential Icataing  I)toccdarc  ilsclf.  la tllal
spirit, wc dcscl ibc aa i]]ll~lc]l~clllaliofl of dilfcrca[ial  lcaraiag  (Ilal aulomatcs much of phases 2 aad 3 of Ibc Icamiag  aad

class illcr cvaluali(m  prf)ccdurcs, as diagtanlmcd  in flgutc  I. la scclioll 3 wc dcscribc Ilow tbc algorilbm  tc~ula(cs  ils own
Icalninp, Iatc,  I]ow it rcgulalcs  mode]  complexi ty  throagh Icgulariialion and patal]le[cr  climiaalion,  aad how il rc.gulatcs
IIIC Icvcl  of’ dclail  tl)a( c:in bc Icartlcd fro]]]  (1IC traiaiag  saIHplc  IMIICI as. in scdioa  4  wc dcsrribc  lhc sta(is(ical Icsts Illal

alc gcarrated  I)y the algol ilbm,  h)lb durin~  aad aflcr  lcaI aiag,, and wr dcsctibc how tllcsc tests arc used 10 cvalualc  Ihc
Icamd Inmlcl.  Wc c(mcladc  will)  a brief dcscl iption of (ml ollgoiag  cffot(s  10 build a 11 uly autonomous dif(ctcnl  ial Icartlillg
alf,{)l  illllll.
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Wc hcgin wi[h a description  01 h lcalning/pat[cm  rccogni[ioll  [ask that wc usc [o illus[raic  our nlgorithln.  ‘I”tlc A’1 &k’J’
1)11 1 da[almc  cmlains 120[) handwt-illcn digils: (cI) examples orcacl I digil,  oblaincd  flolll each of twelve dif[c[-cn[ suhjcds

l?].  ];igurc 2 illuslialcs  40 examples lrom  [he dalabasc. lkwh  cxaIIll)lc  is a 256-pixel ( 16 x 16) bit]ary image (i,c.,  pixels

alc ciltlcl  black  01 wllitc).  Wc cmnprcss caci) cxalll[)lc  10 a 64 I]ixcl  ( 8 x 8 , 5-levels/pixel) image: IIIC value of each
cwll)plcsscd pixel is simply lhc average ol’ ils 10L]I  conslilucnl  ut]coI]Iprcsscd pixels. fivcn  aficr  compression, the cxamptcs
alc well-defined lo lhc huinal] cyc and have uniltmt]  scale and oricn[;ili(m  (scc[5 ]). .Sincc  i[s inlroduclim,  Illc dalabasc has

Imc(nllc  a I)cncllil)alk  standard I’m cl:llllalit]g,,lc:trtli]lg  pI(mxlurcs  ad ncuml nctwwk  archilcclum  in Ilw optical  charal.lcl
Iccognilioll  (0[’1{)  dolnain,  Wc in Iult] usc Ihc dalatmsc 10 illuslralc  OUI Icarnins  Rlgorilhm.

‘1’hr(mglmut  Ibis I)apcl wc rcki (0 a “l~cnchmatk  sp]il” of’ the 1)}1 I dalabasc. ‘1’his Icm refers to lhc lmr[ilionins  of

(IIC da[almsc in(()  a training, sample ad (csl sample. 1101II samples c(mlain 600” cxanlplcs,  ‘1’hc hcnchmalk  training salnplc
COIIIIM iscs tllc fits[  five cxampks of’ each digit,  ohlaincd lronl  ca(ll of lhc twelve  sul~jccls. ‘1’hc Imnchmark  tcsl sample

c(mlpriscs  lhc last flvc examples ofcach digit,  olllaincd  I_r(ml each (11’tlIc twelve subjects. ‘1’l~is sl>lil oi_ll~c data has bccm UWXI
i]) a lIUlt]l)Ci-  (~f l]lcvious  papcls on lIIC daltilmsc; wc usc il so IIlc rcadc[  can c(mlpaw  oul re.sulls  wiltl  ptcviously  published

(mcs. ‘1’llc cxpcrilncnts  dcsuit)cd  in this papcl arc parl of a lalgcl  scl ics of Icaming  and rcc(~gnition  cxl~crimcm[s  using (IK

Mahsc. ‘1’hcsc cxpclimcnis  arc dcscrit)c(i iil IS I and [4, ch. 8].

3 AIJTOMATIH)  1.NARNING

As diagtaln]]]cd  il~ figulc 1, (I]c Icaming  and ]Ilodcl  cvalualiotl  pf(wcss b e g i n s  will)  modct sclcciim. 111 Ihc curlcnt
iltil)lclllctll:ilio]l  o f  our Icaming  algori[llm,  Ihc classillcl  ]ll(dcl i s  sclcdcd  hy tlw Ilumau  opcra(or,  not by tllc algorilhm
ilsclf.  ‘1’ltat  is, lIIC clloicc  of hypothesis class (sclccli(m  of’ I’unclional basis and itllcrco]]tlccliotl”  I(po]ogy)  is dc[cnnincd  by

IIlc ol)crator” (i priori. 1,calning  bc~:it]s :if(cv ~hc ]t)odcl  tms been sclcc(cd.
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IFig,  utc 3: A full-scI-ccn imag,c of’ OUI lcalming alg,ori[llln ancl its nlain d i s p l a y s .  [~lassificl-  skttc and Icarning  mntrt)ls  arc
allllola[d.

——. ——. —.- . ..— —. —.

3.1 l{wicw of the basic lwwning algorithm

l’igulc 3 sl)ows a Iull-scrccn  ilnagc of the lcaming  algorilhln  and ils Inain displays.  ‘1’hc main window  orl the righl
colllains  all llIc c(mlr(lls  and ]lwnikwin~  disl)lays f(w Ical ninx, wllicl]  wc dcsclihc  frxml lop 10 hotlotn.  ‘1’hc lop d i s p l a y
SIIOWS (Iw follil or the synt}lc[ic CJ~M  ol~jcctivc functio]~,  given IIIC plcscnl  ICVCI of its learning conf idence paramclcr

(dcscI ibcd below) .  ‘1’hc size of’ IIIC train i~lg, tcs[, and cotnbincd salt]])lcs  arc SIIOWH in a fom to (hc right of IIIC (UI’M
disl)lay:  this f(mn  also slmws tim culrcml  number of haining  CII(NS du] ing lcalnin~,  and lhc Icst and co]]ll>incd  crl(jr counts
duling  [cs[ing. ‘1’hc clloirc  of Icarlling  stra[cgy is dc{cmlincd  by the choice of’ ohjcctivc  function used for lcarming.  C;I;M,
l])c:ii]-s[ll]:~tc’{1  CII(M (M Sli), and IIIC Ktlllt>:lck  -l,cil~lcr  infollnation  dis(:incc  I I 3] (a.k.a. cross cn{t[)py)  ol)jcc[ivc  functions
can Im opiilni~,cll.  (~lJM implcmcllts  diflc]cnlial lcaining;  (IIC o{hcl two citor  n]casulcs implcnlcnt  probabilistic Ic.silting.
‘1’hc Ililcc  d i s p l a y s  10 Iltc lcli show, [hc WIIUC  of Il]c (Jt)jcclivc  f’unc[i(m;  lIIC Ioglo magniludc  of lhc objcclivc  lumlion’s

gladicn(  on paiamctcr  space at lhc curlcnl  palalrlctcr  vcc(w  value; Iltc cosine of’ [tic angle bclwccn  the curicnl  gradient ancl
Ihc ptcvious  itclalion’s  gt adicnl.  ‘Illis lasl n)cll ic is con]nwniy  usc(l 10 show wllclt)cr  or not consccu[ivc  patamclcr  vcclm
ctmng,cs  arc in [Iic s;ilnc dircclion;  if lhc cosine is ncal  unily,  cmscuulivc  s[clm  :{IC  in lhc saII}c  dircclion,  and [Itc scarctl is
not (will aling in pammctcr  space; if Ihc cosine is nca] z,cto, collscrulivc  steps  atc orthogonal; if (hc cosine is negative (tic
sc;II-cII  is (wcill:{(illg~, in p:mmc[cr space. A scqucncc  of (hc 1:1s[  50 SCIS of these three statistics is showII.  ChnlIols  for IIIC

lralnin~ talc a n d  IIlolilcnlul)l  tcitns fol gladicnl  zIsucnUdcsccnl  (F ald (t ]c.sl~cclivcly scc ( I ) in appcmlix  1 ) arc below
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tllc oljlilllimlitm  statistics. “1’lmsc  conlmls  arc initialized 10 ckfault valurs  01.01 and .85, bul aIc  gcnemtly COn [I -
O i led by

(IIC lcal Ilinr, algm illll]l  ilsclf dut illg Icatning  (see below). IIclow  IIwsc alc con(lols  for (WO fmlns  of te~///[iti7~if)lt:t:  weight
decay (e. g., [ 8])  and wciglll  smoothing.  Wciglll snloollling  conslldins  paramclcts c(mcsponcling  to local  tlcigllt~()]ll()(]cls  in

llm lclin(~lo])ic  Icatuic  vcc((w 10 have similar values. Our ill~[>lcll]cl}lalioll  of’ Imlh rcgularizali(m  procedures is dclailcd  in [4,
ap[)cndix  M 1. (’(m(lols  lot sut)-sanll)liug  IIIC (taining  sa}t]l)lc dul iilp, tact ]  Icalning  cpoct)  arc a( (IIC Iwil{)lll  of tlw conltol
lmnc]. [’onllols” 10 I partitioning dala into Iraining  and tcsl sainplcs aIl 10 (})c Iiglll of [hcsc.

‘1’llc ]Ilain  window  on lhc Ic!i  of Illc display shows lhc classifier sldtc:  wc dcscribc it frx)m top to Imttonl.  ‘1’hc top-]cft

f(nnl  dcsct ibcs IIIC input pallcm  ofthc classifier. ‘1’hc  nliddlc  riglll  f(wln dcsct ihcs how lhc classifier has rcmgnizcd  the input

pallcrn.  ‘1’lIc fa-lig,ll[  f(m]] slIc)ws  I-ccoxnilion CII(M ralcs fol IIIC ttaining  sample duling  Icaming;  dur ing lcsling  (Ilis f(wrtl
a]so slIows tllc Icsl and combined sample cnol  lalcs. Wl]iskcl plo(s collcsponding  10 ll)csc erfm rxlcs nrr shown hclow  this

ii)llll: tlwsc p]ols havr  95[% confidence b(mnds. ‘1’hc  cl:issificr’s  inl~u[  pallcrn is slmwn in Il)c larg,c pixel ]Ilal)  (liSpliiy  on lhc

I(nvct  left. A pixel display 01 tlm classiflct’s  outpu(  sIaIc is slmvn  ill][ldiatcly  almvc the input ciisp]ay.  1 liddcn  layer nodes
(no[ llscd in lhc classiflcl” disp]ayd) arc shown bc[wccn lhc inpul an(l OLIlpul  disp]ays. hflousc-clicking  on any node pops

ul) a gmphical  display of all II)c wcisllts  (i.e., palainc(cls)  feeding into lla~l II(KIC. ‘Ihc  paranlc(cm  connecting llIc classifier

inpul 10 caclI of the 10 oulpul  nodes arc shown in (1IC lop]cf[  of IIK  SCI-CCII.  ‘1’hc parameters comsponding  10 Ihc nodes that
I’cpll.’scll[ “ o ” “4” fo]-ll~ [hc lop row of’ tllcsc displays; patanlclcls  cmcsponding  10 Iltc rmlcs  tha( rcprcscnl “5” “9”
fol l]) (IIC lw((f)tn  row. At>stract  rclwcscntations of car}) digit atc evident in these displays.

3.2 Automated karning  fanctions

l;OUI  p] incipal  control t’unclions  0! lcaming  need to bc Icgulalcd

●  Icalning  Ialc

o n)(dr}  complexity (via rcgulari/ali(m)

● Icalning  confidence (i.e., IIIC ICVCI of dclail  in tltc fcatulc  VCC[(M  Ihal can bc lcarnd from IIlc training sample: (IIC

l[mcf the c(mfidcncc  onc requires of tlIc classiflcr,  tlIc gIca(cI  tlm dchil  it can lcarl~ fr(m the trailliug, sample)

● tct tninalion  of learning

Wc have nutonlalcd  tllrcc of these fout conlwl  functions in our al~ot ilhm, Rcgularimtion  is not conlrolld  directly in this
il]ll~lci]lclll:lliotl;  (Ilc IIuman  opcmtor  musl SCI (Iv2 Icvcl 01 wcip,hl  drcay  and/or  wcishl  slnoollling  prim [() learning.  Wc
discuss llic aul(nwrlcd  cm)tl(~ls  in the following  Imrap,[aphs.

3.2.1 1 ,carniag  rate automation

‘1’l)c lcalning  ]atc and nlo]ncnlulll  tcrl))s  for .qadicnt  ascent/dcsccN( urc conlr(~llcd lnanually  by clcfaul(.  ‘1’hc Ic.al ning
talc can hc Conln)lld automatically using onc of two sclwmcs: “auto-pilot” or )md~fid  I)cll(i-l{(it-l )(’lt(i. Owing to its
supcl iorit y, wc dcsclibc  only tl]c lallct c(]ntlol  ]Iwttl(d, which is a v:it ia(ion of the l)clla-llar-llclla  J) I”OCC(IUIC dcscribcd  in

[ 10, 18, 1, 11]. l)c[ails of out varian[  arc given in appendix A,

‘1’y]~ically (~]lc lcal ning rate f is used for all tllc paldrnc[cfs of IIIC class iflcr,  and ~ladicnt  asccr]l/dcsccnt  procccds

accodinp,  to (1 ) in appendix A. Rcfcrcnccs  [ 10, 1 S, 1, 1 I ] dcsc[ il)c wl)y this can bc sul]-optimal  and propmc  that each
Imlanlctcl  Ilavc. its own learning ralc. Iiacll ralc is inctcascd wl]cn Ilw cutlcnt  pamn]clcl  updalc and an cxponcnlial  average

of plcviom  up(ialcs arc of lhc saillc sign; when the cumnt  and avciagc  of picvims  updulcs Ilavc diflcrcnl  s i g n s an
indicali(ltl  01 oscillali(m  in (he SCiltCll  algorilllll]  (luc (() a n  cxcessivc  lcatming  r a t e ~hc Icarning  rate is rcduccd.  ‘1’hc
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ptocc(lurc leads  I(I fastcl convcpacc of (hc learning al~ot ilhm’s scalL.h  for oplimal p;iramclcrs, 1)11( lCill’llil)g ralcs tcll(i 10

(will:itc, dIIC 10 IIIC flrsl order aalolcg,rcssivc  nataIc  of IIIC lcaI llia~ lalc coalrol  ‘ ‘fillcl”.

Wc ulmag,c tllc c(m[ml  filler’s charactcl-is(ic  so tltal it uses a tm]lc slablc movin~  avcra~c  paradigm Ihal opcralcs on both
SIIIMI  and Itmg titnc scales (again, scc appendix A). ‘1’IIc [csul(iag  lcal Ilitlg, tatcs  respond  quickly to changes ia (Itc (hjcctivc

fancli(m’s  local topology”  (m paramclcr  space, bal tllcy do nol oscillalc.

3.2,2 SC] IUIUICCI rcdllctiofl  of learning confidence

Wlmn  dif~crcalial  Icaraing  is cxmiactcd,  [hc (IIJM cmfdcacc  palamc[cr  plays an impor[:~nt  ro[c ia dc(crlninin~  tl]c Icvct

of discrimiaalivc  detail [ha( caa I)c ]catacd fro]n IIIC fcatalc  vcctms conlpl i sing [Im [raining, satnplc. WIICII  (IIC syntl)c[ic  C~l;M
coalidcam  paran]c[cr  is higlt, (I)c ot]jcc[ivc  fuac[iort is a vrty weak (acar]y  linear) al~i~roxil~~;]liol]”  10 a cmrcct  classification

countia~  f’unction.  As con fklcncc  is rdaccd,  the ol~jcctivc fanc(i(m  t>ccomcs a bc((cr approximation  10 a slcp faaction  that
Cwaals cx)ltcct  classifications. lly maxinli~ing  this objmlivc faaulitm,  wc maximim the nuinbcr  of cor[ccl  classiflcalioas

tlIc classifier makes on the Iraiaiag  sampk.  ‘1’hc  lower Ihc confldcllcc,  the more likely the classifier will bc able to lcara all
of tllc tlain  i as cxalnplcs.

A Iig(mn]s  [Im)tclical  mot ivat ion for (I]c syalhclic  (Y;M ol).jcc[ivc faactioa’s  confidcacc  paramclcr  is given it~ [4,
CII’S.  2 C% 71. Silnply  pal,  easy examples,  which lie ncal IIIC III(KICS of tlIc fcaluic  vccl(m’s  class-cc)tl(litior~al  probat>ility

dcasily  faaclioas  (pdfs),  cna bc Icaracd  wilh  high coafidcncc  (i,c.,  wilhoal  atlrntioa  to dclail),  hat hard examples , which
Iic ncal (IIC tails of llIc fcalurc  vcctt)l’s  class-c(,ll(litiol]lll  pdfs Ilcar tlIc c]ass Imumlal  ics IIIUSI bc lcanlcd  wilt]  lmv

confldcncc  (i.e., wilh  iacrcascd a(tcntioa  (o dc(ail).  As a rcsal[, tllcrc is a stmag dlcorc(ical  mo[ivatioa  for lcatning  with
inilially Iligh  cxmfidcncc,  ~lfl(lllillly rcducin:l,  cmfidcncc :is lca I ninp pi(~g,  rcsscs:  lhc c lassi f ier  lcal-ns  lhc easy tlaiaing

examples flrsl, and llm lcatms  llIc hard (mcs (see 14, ch. 7]). l;igalc  4 (lop)  SIIOWS c(mhols  Illal  allow (IIC llul]~an (q)crat{)r to
SCICCI  IIlis kind oi” liacar  rcdacli(m  schc(iuic  fm lilt [;i VVl coa[l(icacc  i~alanlclcl,

oa IIlc posilivc  si(ic, (Ilis sclmiulcci  rcduclioa  of Icat aiar c(mfidcncc  has a slalisticaiiy  sig,aificanl  cffcd oa li)c classi(icr’s
al~iiily to Icara (au(i sahsc[iacaliy  ciassify)  har[i cxami)ic.s.  on [i)c llc~a[ivc  side, [ilc human oi>ci-ale] mast si~ccify the l-a(c of

and ilc]alivc Iwancls on Il)c rl’[iactioa.  ‘J’l]is iacvilai)]y  in(iaccs atl ad-imc clcmcal:  Icaraiag  witi} too lil(ic. con fi[icacc  ~ivcs

even classifiers wi(i~ imv cmli~lcxily tim fancii(mai  cai~acity  (() lcaii  I (ictaiis IiMI  :iic n{~[ rciwcscn~a~ivc,  As a rcsail,  wc arc

culrcntiy  w(wkiiig  oii a ll-lliy-alilot]ol]l(~lls,”  ciccisioll-(iilcctc{i  prmmiarc  for piiicilig  l(wcr  imln(is ori Iilc  icvcl  of coi]fidcacc
wili)  wllici}  ii p,ivca lt:iiniiig  s:ii]ip]c  sti(mid bc Ic:it tied,

3,2.3 Autfmlatic  terminat ion of]carning

‘l’cl mitiatioi]  is gclicraliy  viewed as aa imiwi[aal  issac iii coliiicctionis[  icai [Iilip, ati aniwpi>y consc(iacacc  of ilicfl’lric[it,
pr(}l);il]iiislicaiiy -,gciicrlitc(i  classifici-s. ‘Ihcsc  cl:issificrs oflcn tcquirc  cxccssivc fai]di(mai  coini>lcxity  ia odcr 10 Icara Iiic

tr:iininu  samidc: tim a(i(ic(i cmplcxily rcciaccs ciiscliminalil  hiss, I)al tiic rcciuccci i>ias is mm Iilaa of fset  by aa inmasc
i n  (iisclin~ia:ia[  valiailcc  (S C C  14, ci~’s.  3-4]  ami 151),  As a  rcsuit,  tiic ciassiflcrs  gcilci-ali?,c pooriy. ‘1’hlmigi] cilli>lricai

oi)sc]v:ili(~n, ]iainci(ms  aallms liavc fouad ti]al c;iriy [crllliiiati(m  of (tic icaraii~g  procccimc Iiriiits [tic itimcasc in ciiscrirriinant

Vill i:ilicc, so ti]c classifiers gc]icraiiyc  hcllcr.  IIul tiic scllcliic  icqairrs  llial  IIlc iiai]i:ia  oi)cmtor  cicci(ic wlicil  to lcr Iiliaatc  ttic
lc:irliing  H’i/hoHl  ollkrir]g  any ot!icclivc  mczsalc  of wi)cil 10 tcrlllitlalc.

Siacc  (iiffcrcaiiai  learning is asymplotiraily  cfficici~l zin(i siacc il rcqaiics  Iilc miaimain faadioaal  complc.xity  ncccssary

to icara [IIC titiiaing  salnplc (SCC [4, cl). 3] and [()] itv l(mi~al  pI(mk), Icarning  caa lM~)uccd as i(Mig as ti]c sy]i[lictic  (;I;M
ol)jcctivc  fliac(iori’s  g,raciicnt  is noa-z,crx).  As a rcsliit,  wc ciiiilloy  a siml)ic sci~cli)c for zia(onvitic lcrti~itiatioi~ of icariiilig  (SCC
ft~urc 4, middic).  Wc simidy  liiivc  the Ic:it-sing algorill]nl  h:ill al’lci  ii i:irgc conscci[[ivc  narnbcr of ilcralions  for whicli  liic

tiic triiinilig, s:iini~ic  ciror  ralc is lcrx), ot :illcr a lixcci aalilhcr  of lcat Ilii]g itcialions  Ii:ivc twirispirc(i.  By scl[irig both rlanlhcrs
10 a c(mscr  valivciy  higil ni]mhcr,  wc castiic  ttial lcalaiil~  imcccds ~iil[ii  (here is nothing Immc 10 icat a, so 10 si)cak.

6



l;igurc. 4 :  [’onlmls fol auIoID:l[c.[1 lCilt’l)il]g. l;KIIH  [op [0 Iml((,m:  sclIcdulcd tcduclion  o f  Icatnii}x  Collfidcncc;  aulomaled

]Ilul[i-[rial  Icarning;  aulomalc(l  0111) (diflcrenlial  and ]lt-ot];tt~ilislic).
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l;i~ulc 5: ‘1’hc cvnpitical cltor ralcs (tlaining  sample in g,l:iy ancl ICSI  san)plc in black) lot Ilw 650-p  ararnclcl  logistic linear

classifier as it Icalns (I)C  l~cnchmalk training sample diflcrcntially.  ‘1’hc  classifier’s cnlpitica]  tcs[ sanip]c mm rate is 1.3
(+ I. l/-(~.9)”lJ  allci  160 Icmning  epochs

—- —..

3.3 ( )CR illustration of automatd learning

l:igarc  5 stl(lws hot})  tlm 1)11 I bcnchlnalk  trail~iag,  salnplc (gIay) and (CS(  s:iml)lc ( b l a c k )  clllpiriual  cnw ralcs as

diilimlllial learning prog,tcsscs tl)roag,h approximately 160 Icat nins epochs, using the aulomatd ploccdurcs  describc(i
ab{)vc, ‘1’l)csc plots arc,  cm)nmnly  known  as lcalniag, cal vcs. A lt)pistic Iincar  classifier (c..g., scc [5, pg,. 90]) is gcl)cta(cd

diffclclllially;  learning cmJficicnL’c  is rrdmxl  flom  a value of ~ ().5 at cpocl) 7CI’O to w 0.35 hcyond cpmh 100; Icafning
procccds to I 60 rporhs,  or 50 c(msccu(ivc  epochs for wl]ich lIIC II aining salill)lc  cl-r(w ralc is zcm;  there is rl(~ weight decay;

IIIC wcif~,lll  stmmlhinp, cocfficicn[  is I: R O.13 . ‘1’hc (~l~jcc[ivc  function’s valac is plot(cd as a Iigll(  gray background in IIw

figaw.  Ninc[y-five pcmnt cmfidcncc ia(crvals  on Ihc crm rates atc pl(IIIc(l at pclimlic  intervals. limn] these curws,  mc

can scc thal Illc tlaining  szrmptc crier ralc is rcprcscn[alivc  0[ (Ilc {cs[ sanlplc cum rate up 10 nincly  differential learning
cporhs.  llcymd this poinl  (IIC c]npirical  ttaining  sample crl(u rate is significantly Iowcr  than tllc test sample mm Ialc.

‘1’hclc  alc  f(ml scatlcl plots on reduced ~/i,!cli)/li/1{//c))  oll/pII/ slmce  in f’lgurc  6. in cacll plt)l,  (IIC final  ou(plll  slate of

the classifier fol- each example in lhc 1)11  1 dalahasc is shown as a point among the scatler. ‘1’raining examples arc slmvn

as Iiglll-g, tay dots, and lCS(  cxanlplcs  arc sllmvn as dalk  Flay II iilllgl CS. ‘1’IIc foul pl(lts stmvn  cmlcspond  10 f e a r  points
(cpocl]s)  along Ihc learning CUIVC  in figarc  5: epochs 15, 30, 50, ald 160. ‘1’hc valac  of lhc classifier (mtpu[ cotlcsponding

10 tlIc c(mw( classificali(m  of an example is lIIC abscissa (we dcnolc (Ilis ‘ ‘cmccl” classificl  output by yT).  ‘1’hc v a l u e
of IIlc lalgcs[  classifier ou(put corlcsl)()]lclil]p,  to an incowcc( class ifica[i(m  of [lIc cxan)plc  is llIc ordinate. (wc dcnolc  tl)is

Ial-gcsl ‘ ‘incwrrccl”  classifier outpat  by ~T ). ‘1’hc  rcdllccd  Ai$cri/)lillal// lMmIIdaIy is lhc Iinc thal scpara(cs  the half of this

t~’()-~lil))ct]si()l);tl  s[)[l~c  h[ ~orlcsp(ds  to ~1 cot [cd Ck\$siflC~ttion  (i.e., YT > j’T ) ‘10]11  ‘t)c llnlf ‘l]:lt “t)lcscllls  all ‘llc(lr[”cct
class  iflcatioa  (i.e., y, < iT).

At 15 cpocl]s all IIIC oa[pul  sta[cs arc clustcrcd sacl] tlmt about 15%1 of all examples arc misclassiflcd;  at 30 cpoclls  Ilm
clrw rate is approximately 7%; al 50 epochs it’s 2.5% for the training sainplc an(i 4.5% for ti)c lest sami>lc; at 160 epochs all

IIIC lraiaiag examples arc corrcclly  classific(i  an(i 1.3%I of (ilc (CSI examples arc rnisc]assilicd.  (~ontmlrs of cwnstant  [Y;M arc

h’
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shown as Iincs parallel to the ICCILICCCI  [Iisctinlinaat  boun(iaty on cacl I of llw foal  plots.  NO(C tlm( all IIW (mining  cxatnplcs  Iic
\Hallcl to  tlw (’I:M = 0.90 cml[(NIr at tl~c cnd of ICW l~ing, (cpocl] 1 (i)), as do In(M of I}IC ICS(  cxamp}cs.  ‘1’llc mnaining  ICSI

Cxalllplcs (mcs that alc hiird fm IIIC class  iflcl 10 ]cc Ogai/c frill clmc  10 IIIC rcducc<i disc[in]inan[  bOL]ndafy. Owing to

the nl(motmlic  natarc of the [;IJM  objcctivc  fanctim,  IIICSC cxrrtul~lrs also lic pata]lcl  [o the rcdaccd disctiminan(  lmandary,
and IINM( ()( llIcm  arc m IIIC cml ccl side of IIIC  bOanda Iy. liigl)t  ICSI  cx:iin])lcs lic (m lIIC twandary  ilsclf Or m ihc incmncd
side Of Ihc lmaadary.

‘1’hcsc scatlcr plOls illuslralc  Ihal the [Iiflcrcllti:llly  -gctlc[:llc(l  classifier gcncrali/cs  well, since lhc Oulpul state fm llw
lCSI SilllllJIC is silllilal  10 [hc OLIlpal  slate Of Ihc Ilainillg sample. “1’llcrc is sufficient diffclcncc  10 account fOr a slalislically
si~niflcant  dit’lctcnrc  hctwcca  Ihc Ilaining  and (cst saItIplc  CII(JI  Ialcs Ihoagl), a fact lha( is tmrmmlt  hy Ilm lcarniag  cllrvcs
ia fi~,utc 5 al cp(wh 160.

3.3.1  AutmMmmm  di f ferent ia l  0111)

]iigarc  7 shows a fall-  scicca display of Oar lcaming  algmithnl  as it aatmnatically  eliminates paramclcrs  fmm  Ihc classifier
atic] tl]c fl]lly-]]:ilarllctcl  il,cd lcarningjast  dcscribcd lcrl]linalcs.  ‘1’tlc [Jai  alllclcrcl illlitlalioll  pmccdurc  is a diflircalial valiant
01” Illc 0111 ) algmilhm [ I 4]; tl]c wwianl is dclailcd  in aplmndix  11. ‘1’IIc tati Onalc bchincl patanlc(cr  clinlinalim is as fOllOws:
palamclcrs  IIlal  aic nOl ncccssaly 10r  I-LhISl classificalioa  Of Ihc f{’alarc vcclw cmsli(ulc cxccssivc  fanctimal  cwmplcxity,

w’llicll caa Icad !() pmr gcncralizatim~ m lhc Icsl sample; Itlcrcfolc’, rc]nOvc ttlcsc paralllclcis  flml Illc lndcl.

l)ifle!cn{ial  (1111) dift’crs frm~~ the (wigin;il bccausc  it uscs the syaihctic  [II(M objcctivc  fanclim inslcad of Ihc MSli
d!icctivc  fuactim,  so i i ’s  l inked wilh  diflircn(ial  lcaraing  ralllcl  thaa prwhat)ilis[ic lcaraing.  Also,  our  illll)lc]rlcr](atiol~  of

diflclcnlial  0111) is aa aa(mnalic  prmcdurc;  nn haman Ovct-siglll is rcquilcd,  l(igarc  4 (Imtl(m))  shOw/s  (IIC cmslraints  O n

tllc aul(m(mlms ditlcrcnlial  0111) proccdatc.  ‘1’hc  poccdatc  bcf,ias al tllc Icrtllinaliwl  Of l(]lly-[~afi~t]lctcrizccl  Icaraing;  a[
each i(cia[im the ~t (10 ia this case) lcasl salient paramc(crs (i.c,,  (hose }1 that con(l ilm(c Icasl 10 rnaxinli/ing  (’l:M m’cr
(Iic haining  sanq)lc)  a!c climintilcd  Or “rnaskcd”; Iolk)wing ttw I]laskinp,  Of (l~csc paramclcrs,  lllc classifier Icarns for a
uscl-sprcillcd  nal]lbcr  of CIXWIIS  (1 O in Ibis case) m antil (I)c valur  of’ the [’l;M f)l),jcc(ivc  func[ioa  clillllx back to willlin a
uscl-spcci(’]cd ammnl  (.01 in [his case) of ils valac  prim [0 lhc palamclcl-  masking, whichcvcr  is Icss; if, aflcr  this Icarning,
the triiiaing  saiaplc  crmr  talc has not risca atwvc  ils ptc-oil]) va]uc,  0111) cmlinucs. If {hc clrOr ralc has risen ahovc ils
im’-olll  ) value, the paralilclc[s  Ias[ r]laskcd  atc rcslmcd and Only /1/2  arc masked. ‘1’hc number Of maskd paratnctcrs is
rcdaccd  in Illis  ]i]anncr  until lhc ilcralivc  ]nasking/rc-lcal  aia.g pt(~cdarc  saccccds wittm]t  incicasing  (1N2 classi(icr’s  [Iaiaing

sai]]plc ci[or  t~ilc atwvc  (IIC pic.oil]) ralc. When nO nlOrc  I);ilalllctcts  car] bc cli]]lina[cd  willlml increasing tl]c llaining
san~plc crlm ralc, diflircnlial 0111) terminates.

l:iglirc  7 shows aulononms  diffcrcn[ial  01]1) ia its caIly slagcs. I’aramctcrx  lha[ have already bcca climiaatcd  and [hose

tlIaI aIc about 10 hc clitilinatcd  arc slmwa ia IIIC wcig.llt displays. A ranked list of pziramc(cr  s:ilicncics (SCC appendix 11)
idclllilics  Il)c pammclc]s  slalcd for nlasking  (shaded ia g,ray), l;i~utc  8 st]ows tllc final sc[ Of paraltlctcrs  aflcr  diffcrcnlial

0111) tcrminalcs.  l;wly pcrrcnl  Of (Ire 650 miginal  paramclcl-s  have bcca climinalcd,  leaving smnc Of the digit  parantclcr

rtmps quilt sparse (e. g., tlmc for “O” and “ I‘ ‘). I)cspiic  tl~is lalgc rcdactim in paran~ctcrs,  Illc  training samp]c is still
classillcd  willlml[  mm. A cwn[mt  isoa of’ fi~are  9 and fl~atc  6 (Ix)ttotll  lcfo SIIOWS lhal (IE rcdaccd  discl-imina[m  mlpul
s[alcs l)cfOlc and aflcr  0111) alc rlOt apprcci:ibly  diffcr~’al, ‘1’his is alsO evident fro]n a cmnparism  of fisarcs  5 and I (): ‘1’hc

tcsl saillplc crier ralc lras incrcascd fr(utl  1 .3% pliol  10 01;1)  10 3.3[1  aflcr  01111, rlol qailc  a slalislically  significant inmasc.

‘1’lrmgll nOl statistically significant, lhc incrcasc ia lIIC ICSI  salitplc crt(w  ralc is a ncga(ivc  Ou(cOrm, since it rcprcscn(s a

dcclcasc  ia Ihc classifier’s abilily  to gcncralizc  well, 0111) aficl all is sappmcd  to ittlplo)v gcncmlizatim,  nOl degrade il.
Wc allrilwlc Illc dcgradali{m  10 Ihc hip,h dcgtcc 01 spalial cOrlclaliOa ia tllc paramclcrs  Of lhc classifier indaccd  by weight

slnm)tl~ing dining flllly-l~aralllctcliz,c~t  lcarain~,  lilinlinaliag  paraltlclcrx  dccOrrclatcs  the r-cmaining  paraTllclcrs  Owirlg tO

Ihc way ll~c sn]OOllling,  winks. ‘1’hc dccwrrclatim  rcsalls in an tll]ll’llrc’scll[:itiic  inf(mlllati(m  gaia in the classilicr  Iha( is
safficicll(  10 incicasc  (1IC test sample cr[Or  ralc. ‘1’has, wcighl  cli]lliaatiOn  caa Ilavc ncgalivc  rcsulls in al Icasl smnc cases

invOlving,  s(rOr]g  10cal cmclaliwls anlOng  the fcalarc  vcclm clcnlcil[s.
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]iigurc  7: A fu]l-scr’ccn  image of our ]c.at  ning algwilhm pet’fol”rllilly aLI[(m(mM)us  difl’c.rcn[ia]  {)]]]),  ‘J’hc palalnc[cr’s that have
lwcn lnaskcd  (i.e.,  climinalcd)  ale slmwn as black “X” S m a gray backgtmnd;  paranwtms  cut-rcm(ly  sclcc[d for masking

alc hip.lllighlrd  in lhc 0111) rankd saliency Iisl (gmy  hig,hligh[) and in lhc paramclcr  (Or “wcighl”  ) displays (mllincd in

wllilc).  ‘1’llc llisloglanl  ol’ (IIC class  if fc]’s palalllctcls  (1 ip,l]l, nliddlc  01 display)  reveals [tm( nlost lmvc siIIall  values in a
1):11[ (JW  T :lll#,C.

. ——. . .—. ——. —- —

A classifier gcncratcd fronl a con[rol lcamin~/()}]1)  cxpctilncnt  in which all charac(cris(irs  arc i(lcntkal  cxccpt  for tl]c

kxming  stfalcgy  (pt(ht~ilislic learning via (he Kulltmk-]  ,citdct inl(m)ta[i(n)  dis(:lrtcc  is sut~s[i[utcd for diflcrcn[ia]  learning
via syllthc[ic  OJM)  results in a pmI-[)111)  classifier wi{ll 315  masked  paran)ctcrs  (49% of the original 650); IIN classifier’s

tr-aining  sample crf(w rate is 5.3%, and ils (ml  sample cl-rm ralr  is I 3.2%, ‘1’bus, dif(crcntial  0111) is nlOrc cfficicn[  than

pr(daibilislic  01{1)  fOr [hc same rcasms  [hal di(fcrcn(ial  learning, is generally nlOrc  cflrcienl  Ih:in pmbahilis(ic  ]carning.

4 AIJTOMATIU) CI,ASS1lUIH< EVAI .UATION

(hlr rcduccd discrinlinalm  mlpul slalc scatlm plOls  arc ditcclly  rclalcd (0 c l a s s i c a l  rcccivcr  OpcralOr  characlcrislic
(1{()(1)  culvcs  fm Illc classifier. ‘1’0 scc hOw and wily, wc rclur n (0 the final slalc Of lhc cl:issificr  a( llIc tcrlllinalii)n  0(

flllly-]~:~rillllc( criz,ccl Ic.arning (clinch  160), IJigulc I 1 slmws (Ilis plc)[  wi(h [lIC syn(hc(ic  {’l~M  ot].jcc(ivc  furrc(im  supctirnpmcd
perpendicular to (he rcducc(i (iiscr-irllinar~(  imlln(iary,  “lhis pcq~crl(iicuiar  axis is knOwn  as Iim (iiscrinlinant  cmtinuurn,  Ihc

il



maps 1(M IIIC digils  () aIId I.
——— . ————
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liigurc  9: ‘lhc llnal  rcduccd discriminator Oulpul state after
diffcrcn[ial  OIIIJ aut(mlalically  tel-mina(cs.  N o t e  that this
slale is nOt a p p r e c i a b l y  diflcrcn(  fmm  Illc Onc id c]~ocll

I 60 in figulc  6, Ihc classifier slate just pl iOr 10 hcginning
dillcrctllial  0111). ‘J’tw sin)ilalily c(mfirins  (Ilat (IIC l e s t

san]p]c  crI(M ralcs bclmc  and aflcr  dillcrcntial  0111) arc nOI
slalis(ically  sig,nificanl (cf. figures 10 and 5).

I ‘ig,ute I (): ‘Ihc training (gray)  and tc.st (l~lack) samp]c erfm
ra(c his[mics  during diffcrcn~ial  O]il).  N()[c that  the ICSI
satll[)lc  cllw M(c incrcasc is nOt stat ist ical ly  signil’lcanl

(cf. 11.gurc  5), even tl)Ough 40% of lhc c lassi f ier ’s  650
]mlalllctcrs  l)avc been lnaskcd (i.e., clilninatccl),

12
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IHE
“DISC131MINANT  DIFFERENTIAL”

6 IS SIMPLY THE DIFFERENCE

BETWEEN THE CORRECT

OUT PUT ))T AND THE LARGEST
——

[)7111(1<  OUT PUT YT.

IiIEIIIC  1 I : ‘1’llc dad discrimiaalor  (NIIpUI s(atc of fi~arc  6 (CI)OCII  16[ ) )  wi[h the sya[hc[ic  (Y?M d~icclivc  function
Sa]lcl inllmscd  to ill[ls(ralc  its rc]a[iollsllip  [() (IIc OLI(l)U[ s(a(c al](l ~tlc r~.sll](il]g dj,$~~j~~~j}if~~j~ djJ+/c)l/if//  (j z yT - j ’ ,
Negat ive diflcrcn[ials  c(wrcspoacl  to classification  cnms;  posi(ivc OIICS co IIcspoacl to COIICCI classifications. ‘1’hc COIII(IUIS

of cw]stan[  [~l~M arc parallc]  10 dm rdaccd  discrialiaaat  Imuadat  y [i acccssary c(m(lilioa fm cfficicnl  lcarniag  (SCC [4,
cl), 51).

—-————. —_— __ —.————————..
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liigurc  12: Scnsilivily/specificity aaalyscs aad (IK7 Ieceivcr  opcral(~r charactcris[ic  (R(K)  carve for the digit  “8” Of Ihc
bcnct)lllalk  splil. ‘1’l]csc displays arc gcncratd  aaloltla(ically.

_—— _— - .-

dmain of dIc. discrilltim~llf dif(errllfial  A, which is silllply  the. difl’clcnc-c bclwccn  tl~c classifml  olltpa[  (yT  ) representing k

umlccl  class and the oatpal  (TT ) I-cptcscaliag  Iargcst  0///cr  (iamrccl)  class. Wllca  J is pmilivc,  Ihc cxtimplc  is cwrrcc[ly

CliiSSifiC(l; W’llcll  il i s n ’ t  (k Cxalnplc  is  nlisclassi{ic(l, ‘1’hc value of CXihfl incrcascs will)  lhc value of J, which  is why
Illaxil[liz.iag  (’l;M maxilnizcs  the aaa)bcr  of cmtcc(  class iflcatimi~.  Ikclcasiag IIIC cmf’ldcacc  paraalctcl  if’! iacrcascs the
sk-clmcss of’(llc  {’I~M  luac[im, laaking  it a lm([cl ;il}l)loxit]l:itiot~”  to a step iuncti(m tlla[ sin]ply counts COIICCI classifications,

‘1’1111s, c\’cl) “lIalcl” cxaltlp]cs  will} SIMII  posilivc  values Of J gcaclalc  IIIC IIlaxinluln  value Of (Y;M.

Al[cI  ing IIIC dctcc(im (1}1-csIN)Ic1  for a class is acrmnplishcd  silnply  by altcrinx  the value of 6 above whic}j  an example
is lcc(l~,aid as a n)clabcl  of tlIc  c]ass. ‘I has, I<OC’  CLII vcs arc easily gcnc]atcd by cllallgiag  (I)c Imilion of llm ~cduccd
disct itniaaat  Iwandaty al(mg the discriminaa(  cmliaaaal. Whca  IIIC Ixmadal-y is nwvcd  Imvards Vcl-y ncga[ivc  valacs  Of J
f(~l a givca  class, lt)mc  ad limrc cxaitlp]cs  alc Iccwgailcd  as rtlclllt)crs Of IIIC claw:  (I)c Irac positive  dc.tcclim  rate for lhc

class incrcascs, bat so dms lllc false posilivc talc.  1 ,ikcwisc,  as IIIC rcclacc{l ciisctialinaat tman(lary is II}  Ovccl towards very

pmi[ivc values 01 J fm a given class, lcwcr  and fewer cxaalplcs  aIc rccx)gaiz,cd as mcalhcrs  Of tl~c class: lhc true fmilivc

dclcc(im  talc fw lhc class dcclcascs,  as dms lhc false ]milivc fa(c. ‘1’his is a gtapllical  dcscrip(i(m  Of the cwlllmtalims
mr alg~mitlllll  pcrfmms  tO gcnclatc  }{OC. carves aalwnatically.  };iparc I 2 s}mvs  Ihc R()(’  curve 10r lhc. digil  “8” at the
cad Or l’lllly-lJ:iralllclcri?c(l  Icaraiag,  bu[ ptim 1001111. ‘Ihc  carve c(~ttcspm)ds  10 lIIC rcdaccd discrinlinalw  OLIIput s{alc ia

flgalc I I. ‘J’l)c classilkr’s  scnsilivi[y  aad spccifici[y  for dclccliag “8”s is slmwa  m the Icfi  or dtc 1{()(:  ma vc: the nutllbcrs
slIOwa nil VC 95% cxmfidcncc  bounds and c o r r e s p o n d  10 lhc  ddallh  discriminanl  boundary  al J = 0.

1{()(’ curves allmv  us 10 characlcrim  Ihc trade-Ofl tmtwcca lIIC classillcr’s  scasilivily  and specificity Oa a class-by-class

Imsis,  and car) lx used ia cmljaaclim  will]  [I]c rcduccd disclitllinaa(  c(mliauaill  and a rclakxl  grapl)ical  display ia OIdcr (0
SC1 lcjculim Ilacsholds nm-acgativc values Or A twlow wllic}l  cxamp]cs  will not bc dcflnilivcly classirtcd,  bat will
bc rcjcdcd as lm anccrlain (0  bc r-ccwgaiz,cd  will]  rcas(mablc ~Onrl(hcc. [’(msidct- Ihc lCSI example shmvn in figa!c  13:
i[ is a “3”  in  lIIC t)cacl]alaik 1)1; 1 split, but [IIC c lass if’icr rccO~ai  Ycs il as a  “5” . l;igarc  14 sllmvs [Ilc details Or this
IIliscl:lssificaliol]  in (he cmlcxt  Of all Ollmr class ificalims (Im!h l[aiaiap,  and Icst sanlplcs fm the parpmc  d illuslratim).
‘1’l)c l(q) disl)lay  SIIOWS what lhc hislOgralll Of J w(wld  look”  Iikc  ror all ltlc cxalnplcs,  givca  lIIC classifier’s ]):lralllctcrizalioll

al cpOcll  160, ~1.!,sflnlillg [Ila(  Il]c corrccl class i(icalim is filIt YI,y,\ ‘ ‘5”. UI)CIC]-  (his ‘ ‘always  rccogniy,c  5” hypOlhcsis, 11N2 vast
l~ali(wi(y  Or examples ~cncratc  ncgalivc  values Or J (llIal  is, lhc classifier oatpa(  cwrrcspmdiag  [0 “5” is usllally  smaller



l~igalc  13: A “3” in the Iwnclllnark  tcsI sample IIta[ has lxx-n incfmcctly  clfissificd  as a “5”.

..— .. —.— ..-. .-

llmn sOrllc  011M3 mllpal), sO Ihc t]ypOllwsis is rcjcclcd.  Only alx~at Onc Icnlh Of [hc examples gcncralc  pmitivc valacs  Of
($ , (01 w h i c h  tl)c “5” hypOlhcsis is acccplccl,  ‘1’hc IIislogtall]  OJ’ h va]acs  SIIIJWS  lhal lIIC (Iistrihlions or acccplanccs  and

]-cjccliOns  peak rcl:ilivcly  far Itcm (I)c dccisim llIIcshOkl,

‘1’lIc wtliskct  pk)(s in the Imvcr  half Of the display shmv tl)c cn~l,il ical pmhal)ility  (with 95Yc confidence txmnds)  tha( the
‘ ‘5” hypoll]csis  is valid f(w a ~ivcn valac  Of {$ . ‘l’tIcy aic sapcl-itllp(mcd  on a camalativc  hislOgtanl that cw’lcspmds  to the
pdl hisl(~glalll  in tllc appcr  halt’ Of ttlc display. Since fcw CXaInplCS gcnciatc  snlall pmilivc  and ncgalivc  valacs  Of ($, [Ilc

pt{]lmbilily  Of a “5” hypOlllcsis [laclaatcs  in tlm vicinity Of the disrlitllinant  lxmndaly  at fS =- (). Mmcovcr,  Ihc cwnfidcnce
l~(mnds (m [I)c plxhbilily  of a “ 5 ”  llypOll~csis fm small ~ arc ]atgc again, bccaasc sO fcw cxanlp]cs  gcncratc  [hcsc
sl]mll Viil(tcs  of (’) . As a rcsali,  wc cannot have lcasmablc c(lnf’klc IIcc in a ‘ ‘5” clawiflcatim wilh  a valac  Of (’S that falls

inside lIIC “lOw  cmf’dcacc” rcgim  cnclmcd  by (he dasld  lmx.  ‘J’hal is, examples that  gcncratc  a valac  of J <.18 cannot

l~c classified as “S”s with cmfidcacc.  ‘J’hc valac  Of (S fol II]c “3” in figure 13 is itdicatcd  hy the {Iafk-lligllligl]  tccl vc~-tical
bar, which  is well inside the “lOw cwnfkicncc” Icgiwl.  ‘1’bus, tllc cii(]ncoas “ 5 ”  classificalim slmakl  bc rcjcclcd.  Wc afc

carlcally  dcvcl(q}ing  a s(a[istically  sOand  applOach [0 aulmtlatica]ly  selling the lcjccliml  lhrcstwlds  fm cart)  class based On

(IIC l]lc(t ics illastla(cd  in flgalc 14. At prcscm it aJ>pcars  that the tllrcshokl  sh(mld  bc set at the valac  of LS lICIWV which IIIC
lo\\’cl  95% col)fidcllcc  bollll(l  (JI) the pmlmhilily of a Corlcct  Cliissi[lc:ltion is Icss Itl;in 50%.

5  CON(U  ,( JSION

Wc I)avc dcscrihcd a Icarainp  algmi(hn)  (ha[ gcncla[cs linear, Iaalti-]aycr pcrccptrm  (Ml ,1’), and radial basis fandim
(l<lll;) acalal nctwmk  classilicls  will]  Iifllc  halllan  inlcrvcn[iOn.  ‘1’l]c  algOrithlll  a(liasls i~s Icatning  rates aalO1lla[ically,  asin~
a lnmliflcd  l)clt:i-  llar-l)clla proccdarc.  ‘I’l Ic initial Icarning  phase tcttaiaatcs  wl]cn the tl-aining san)plc is classified willmal

Ctl(n (H wllcn  tl]c nambcr  Of Icatning  itctalions  cxcccds a spccifid lilail, wllictlcvcr  occats firsl. ‘1’tlc Icaraing  I)rmcdarc

can Illcn inilialc  an aa(mna(ic  0111) Jmramc[cr  clilnination  prmcdalc, whicl)  itcra(ivc]y  rcdaccs classifier cmnplcxity.  ‘1’hc
pl{)ccdalc  Iails aalOltlatically,  lcltnina[ing  in cilhci a schcdulcd ot a (Iccisiotl-clircctc(l  manner. When diflkrcntial  Icarlliag

is umdac(cd,  Icaraiag cmfldcnrc  is aaton]a(k’ally ICLILICCCI :Iccolclitlp  to a prc-set schcclalc,  Allcr learning, the algmitlln)
~cllcralcs  classilicl  s(’ilsi[i\i[y/s[  >ccificity  cs(in]a(csj  1<0(’ car}cs, aa(] Icarning carves.  Addiiimal allt(~illalirally  -gcl~cri~tc(l

gtapllica]  displays allmv  the ascr [0 analyz,c  ttlc classifier Oalpa( s[a[c Ovcr [Ilc marsc  Of Icaraing.

Wllcn  paired will)  differential learning, tl}c alg(~]  i(ha] gcncralcs classifiers thal arc cmsislcnlly gmd :ll~J]roxilllaliot)s”
10 tllc llaycs-(q>limal  classi~lcr,  as 10ng as tllc initial clloicc  01 llldcl is salficicntly  cOnlplcx and lcgalalil,ali  On is nOl
cxccssivc.  AI present, tllc mmlcl  and Icvcl  of rcgalari~,i{tion  arc chosen  hy tl}c l~an]an opcra[or  prio] to learning. Oar current
lcscalclI  is ai]acd  at aalmilating  tl]csc choices as well :1s Illc posl-lcai  ning cvalaa(im  dcscribcd in ttlc prcviOas scctim,

asing an itcralivc  ptoccdarc  by which the learning al~orilhm  gcnctalcs and evaluates increasingly complex nmtcls of the
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liig,ulc 14: A dc[ailcd  view of the cmmcous  classification  01 (1)c di~i[ “3” in flgu!c  12: It)c digil  is incm[cc(ly  classified
as a “ 5 ” . ‘1’llis display charactcri?,cs  tl)c “5”  classif’ic:ifioll  hyp(~tl}csis in (IIC conlcxl  of all lhc Icsl and tl-aining  s a m p l e

cxanll)lcs ( s e e  llIc lcxl for cxp]analion). l)alk highli~l]lilig in(licalcs wlmrc Ihc classifict’s  (NItput  “(lif ’[cl-cntial” i for lhc
“ 3 ”  cxalnplc  falls almg tl)c “discriminant  c(mlinuum” (if-,  Ihc domain of J).
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Iraiaing sal IIplc. SuclI a stralcgy  is coasislcal witl] IIIC Illillil}l(llll -c{)tlll)lcxily  rcqLlirctncak  of dilfcrcntial  Iciil IIiag.  Oar  g(ml
is a tllcolclically-(  lcfctlsil)lc,  tILIly autoaon}ous diff’matial  lcamiag  machiac.

6 A<; KNOW1. ICI)(;MICN’J”

‘1’his research was cmdaclcd while l)r. 1 lampshirc  was a giaduatc  sludcal  ia Caracgic  h4clloa University’s l)cparhlmat

01 lilcc(t  ical aml [’mnputcr  ltagiaccriag;  i[ was supp(w[cd  hy the Ail I;mc Of(icc  of Scica(i(ic  l<cscar~sh  (Al;OSR)  wdcr
gIaIII  AlK)SR-89-0551. 1)1. 1 Ian][)shilc’s  currcat rcscalcll  is faadccl  by IIIC Natioaal  Acloaau(ics  aad Space Adminis(ra[im
(NASA) via (I1c Jet 1’r(~pulsioa 1.almra[my’s  oflicc of ‘I’clccotl~i~~( ll~ic:itiotls”  aad I)ata Acquisi[im  (K’1’01’-3  10-30-72)” ad

by NASA’s office of Advaaccd  CmccI~ts  aad ‘1’ccha(~logy ((Mc (:), Ol~crati(ms/Al  l’r(~glain.

AIBPliNl)lCIj.S

A  MOI)IIUIC1) 1)111 .’1’A-I]AI{-I)I1I.’A’A  I’l<OCN1)LJRI1

‘1’hc caamical  l)ackl~ro~):lgalio[l”  cqaatim [ 16, 171 dcscribcs how IIIC  classifmr’s  p a r a m e t e r  vcclm O al ilcralion  n + 1
is allcrd  via a sinq>lc slccl>cst  awcalklcsccal  algmilhm

( 111(1111,11 [(1111  tclrrl

/

0[//+  1] = 0[11] -1

“)

+/-<: . T7~ (d~[ll]) -1 (I . Af)[fl - 1] ,
—–-—~

<\ f) [?,]

(1)

WI ICIC IIIC uIInagIc (II “clcllcc(ioa” ia tlIc  pa IaIIlclcI  VCC((M :il IiIllc JI i s  givca  b y  L\O[)I]  . ‘I’l Ic siga of tlIc  Ifwwing Ifilc

!: dcpcads oil whether the Ot)jcclivc fuac(ioa  used I(I guide [lIc maIL’11 fOr O] Nimal Partimc[cls  is 10 bc maximid  (-l ) Or
miaillli/cd (-). ‘1’y[)ical]y  F is fixed.

“Ihc I)cll:i-llar-l )clla  algorilhm  I 10, I X, I, 1 I ] ass(~cialcs  a difltl-cat  lcaraiag  iatc will]  em// clcmca(  of the paramclcr
vcclor,  ralllcl  tllaa  usiag m)c ralc for all II]c clcitlcats;  ful (I)ct lmm’, it lll(dala(cs Illc valac  of cacll Icafniag  rittc accwding  10

Il)c ralcs dcsciibcd  ia I 10, (4)]:  ra(cs arc iacrcascd liacatly  aad dcclcascci  cxpmcalially  based Oa whc[hcl  Ot tlOt (hc cumnl
\vcig,lll dcflccli(m  aad aa cxpmcatiat a\)cragc Of pasl (icflcclioas  atc Of IIIC saa)c siga. ‘1’hc  schcnlc is clkc(ivc, hut can lead

to mcillaliag  lcaraiag  ralcs, owiag  to ils usc of a flrsl-wdcr  iafiai[c  il]l])ulsc Icslxmsc  (Ilk) filter {0 c(mIPulc  the cxlmcalial

avcra~.c Of INIS( kflcctio  as.

Wc nmtify llIc I )clta-llar-lklla  umtml  fitlcr  it] lhrcc ways, ia (mlcr  to imPtovc  ils slability:

1. Icamiax ialcs arc. iacicasc(i  aad dccrcascd cxl~(mcatially.

‘Z. iactcascs  ia Icaraiag  rates arc made m a l(m~, lime scatc.

3. dccrcascs ia Icaraiag  lal~s arc nmdc Oa lmlh shm( aml 10ap time scale%.

our c(mlm]  filler cmnlmtcs  l(m/: aad shm[ lcrln avclagcs  d’ its ialml,  which al itctali(m  n is a sigllflip itdica(or $1[11] -

a biaat y t~ulnl>cl Ihal iadicalcs  whclhcr  or nol the siga of ltlc Paftltaclcr  dcflcclioa  at time It is qymi(c to the siga of tk

dcf]cc[i{m  a l  lilllc n - ] (W C  LISC t}lC nolalioa [); [/1] to (ICIK)lC (lIc ilh CICIIICII1 of tiIc. Paralncter  vcclor  8 al ilcl-alioa  H;
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l i k e w i s e ,  wc usc lhc ndatim F ;[1/]  10 cIcaolc lhc  ill) clcnwnt of tlw assmialccl  Icmning  r+ilc vcc((w : at itcra{im II; the
no[aliOn Aoi[ll]  dcnolcs (IIC dcllcc(im  Of the paratnctct Vccl(ll’s  ill)  CICIIICI)I  ~1 ilclatim lt ).

‘1’lw lcal ning ralcs alc all ini(iali~cd  [0 (hc same valac;  as teat tlili~,  bcgitls, each Iatc  is (hen aa(Oalalically  a(lj~Istc.ci by lhc

(X)1)110] f’ll(CI XColdiI)~  10 lI)C fo]loWill~” ILI]CS:

$;[/l-{ 1 ]  : (2)

1<(ICII liltrc f; is itwrmscd 01 dccrcascd,  tile co fllrolfillcr ‘Lv it)l~ll{  (i, c., its Iti.vlory  of sign jlips) is jlli.vjld, so that E; is nOt
d c c t - c a s e . d  ftlr at Icasl am~thcr  k = 5 ilcralims,  nw is it incrcascd for ;il lcasl andllcl  / u 20 ilcralims.  ‘1’hc rcsal(ing
mOdificd IIcl(il-llar-l)  c]ta prmc[lalc  Icgalalcs  ]calning, ralcs qaickly  wilh(ml  nlaking  dlcm Oscillate.

optialal IIrain l>an~agc (0111))  I 14] is a sccmd-mdcr  paralnelcr  clinlinalim  pmccdurc;  il clilnina(es  pafanlctcrs  tltal
have 10w “saliency” (i.e., ltmsc  (hat have Iitllc  or ao cf~’cc(  ml (Ilc Ot~jcclivc functim  w+cd 10 search fOl-  !hc classifier’s

Oldilnal I):lrtilllclcriyttlioll). ‘1’hc prOccdarc assanlcs  a diagm)al  Ilcssian  IIlalrix  fw (Ilc sccmimdcr  d e r i v a t i v e s  O f  the
d)jcctivc funclim  with respect 10 the pawlmlcl  vcclm. ‘1’hcoplitllfll  IIrain Sutgcml(OIIS)  [9] algotitllll}a sslitllcsafllll
(Ii:lg(lllill  hcssian  malrix  in wdct  10 identify tile notl-salient paralllc(crs In(wc  cfrcctivcly.  Iloth algOritlmls  assume lhal  a
llIcall  s[l[lalc(lc rl()r(MSli ){)t)jccli\  Jcflll~cti()rl  ist)cir~g  lllirlit]liz,ccl cllttillg lcalllir]E.

Wc Iisl tllc cqaalims  hy which  0111)/01{S caa bc inlplcmcntcd  fm (I)c fjrl}ifrayy  d)jcclive  fmwti(m  below bccallsc MSll
lJr()v{il>ly  lc21(ls  l()illcfficicl]  llc[\rllil~g  wllctlt  llcclassifict isarlilll})l  ()l>crlJari\lllclric  lllcJclcl () fttlc(iata  [4, cll's.3-4].  Given

an ililpr(q~cr II W{ICI)  the MS ILhascd  0111)/011S algmithms  will tiot Icmovc tllc Icast salient paramc[crs  (they will merely
clilllitltltc  tll()sc  l):ifall]ctcl  stlla(c(~tltritllttc  lcasltc~ttlc.  cl:{ssiflcl 'sh4Slif()l tl)ctraillillg  salll]Jlc). llyll:lirirlg [) Ill J/C)llS wit})
asyl~llIclic  f()ri]~()f  tllcclassific:iti()  llfigllrc {~ fl~~crit ({; I;M)objcctiv  cful]cfiotl”  [3],  clin~inatimof  tl]clcast  salicntparamctcrs
(101 classificatim purlmses)  is gaarantccd,  Wc refer to 0111) wittl (’I’M as d(f@trt//ia/  0/11).

W c  usc t h e  aot:ition  d) (.$  ’’10) toclcnotcthc value  ofttlc atl]itrary objcctivc  fLlnctiOn @,givcn tllctrairlitlgsallll)lc

S’l and tllc classifier with paramctcrizatim  f) . Specific cxprcssi(lnsfOr  (IIC first- and sccmcl-mlcl  derivatives Of d’ arc
Icfi totllcl  -ca(lcr;tl  lc)scfo  ltllco(igil~al l(Igistic ft)l-l\\ ofCliMalcgi\cl~il~  17]; thmcfmsy  ntl~cticC1/M alc~ivcnin  14,

al)pcndix  1)]. If we know  IIlc \vilac  0[ @, given tllc paranlc(cr  vcclor  8“ , wc can express its val LIc,  givcll  the paralncler
vcctot 0’, usingthc  fOllmving  ‘I’aylms cricscxpansim:

q)(.s’’lo’)  =- q.’i’’ lo”) -{ (t)’ - 9“)1  V. (q)(<s’’  [f?”))

+ ; ((?’- 0 ’ ) ” ’ 1 10  (dt(s’’ lo’)) (0’- 0“) -1 0[[]118’- frllj
(3)



\
\

.

liigam 15: A diagmnma(ic  view of (WW smlrcc/siak  n(dc pairs in a acala]  nc(work; this view illastra(cs ~hc n o t a t i o n a l

convcalioa wc LISC. in oLir (Icscriptioa of tlIc  (Ii flkrcrl(ial 01)1) al:(~l i(lltn’s Ilcssina corllpalati(ms. NOIIC  of the four IIOCICS is

ncccssafily  in lIw san)c Iayct as any Ollw I,
..— — — .

‘1’llc aolali(m z’] {Icaotcs  t h e  haasposc  of vcclor 2 , ~~ (O(,s’l I 0“ )) clcaotcs lIIC grdical  01 @ w i t h  rcspccl 10 t h e

paramclcr  VCCIOI f), cvallla[c[l  at f)” , and 110 (q}(.’$”  I 0’ )) dctlotcs IIlc hcssiaa  of @ will]  rcspccl 10 tllc parameter vcckr
O ,  cvalualcd  al 0“

II O is  Oplilnizcd  wllcn  t h e  classit’ml’s lmr~ilnclcl  vcclOt- is  p,ivca I)y 0“ , Ilmn lllc fllst-dci- tCIIII i n  ( 3 )  will bc

?cro.  Assumiag  tha[ [hid aaci llighcr  OKICI  tcrll~s arc acgligiblc,  (3)  can bc rcanangcd  to form [hc followiag approxilnatc
cxp]cssi(m  fw IIIC cllangc ia lIIC (hjcclivc  funclim’s  value WIICII  0’ is cllangcd 10 d :

m(’s’l f)’) -  q,(<s’ 1(3’) Y ; ( f ) ’  -  f)’)” }18 (d)(’s” If)”)) (d -  f)”) (4)
—~

Ad,’
—~

f[l

‘1’IIc cqaatioas  hclow can bc LISCCl  with the chaia  ralc to UMIIIJUIC  C;WII  clcnlcat  Of (IIC hcssian  ia (4) ,  Wc usc (@’ a s
shw-lalad for 0(<91 I f)” ) . ]:igarc  15 illuslralcs  the nOlaliOaal  cmlvcalims  WC. usc (0 lat)cl the ndcs aml paraawlcrs  Of Oul-

ncural nctwmk  classifier: sOurcc  nmlcs lccd siak nmlcs via a cmnccliag paramclcr  01 “wci~h(”. ‘1’has, >{’?!
.

dcac)tcs tllc<)0,, [I(),A

,j,hh clcmca(  of Ihc tmsiaa ] Jo (0(S”  I f?” )) ia (1 5). II follows [Ilat lhc diagoaal  clcll~cats  of the hcssiaa arc givca  by

[)Jq,. [)?  q). *

whclc

(5)

(6)



and

(7)

If’ lhc ful! 1~1 x IH clcIIlcnl hcssian is Iming used (011 S), II is lIlorc cffwicnt  10 compute the vector Wansposc ?{l in
(4 )  diicctly, using lhc prwdure  dcsclitd  by l’carltnul[cr  I I 5]. ‘1’lw rcsuliing  cOll}pulaliOn  is cf’ficicnt,  (9 [J)/]  ralhcr  lh:in
(’) [/1/?]
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